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\^ ' Abstract 
CN '. 

We study the aetioii of the dilatation operator on the basis of local operators constructed from 
the elements of the walled Brauer algebra, with non-planar corrections fully taken into account. 
We will see that the operator mixing can be neatly expressed in terms of the irreducible 
representations of the algebra. In particular we focus on a role of the integer that determines 
. the number of boxes in the representations. 



> 

^ ■ 1 Introduction 

■ In 4D J\f = A Super Yang-Mills theory, conformal symmetry is a strong symmetry which we can 

. use to restrict the form of correlation functions. As for two-point functions one has the form 



{0i{x)0j{y))=Ni5ij{x-y)-^\ (1) 



^ ■ where Aj is the scaling dimension of the local operator. However, to obtain the scaling dimension 

^ ■ in concrete cases we have to look for a good basis from the naive basis so that two-point functions 

- - - have the diagonal form. (See [31 U [5l [6] for example). In other words the good operators are 

eigenstates of the dilatation operator with an eigenvalue Aj [H [2]. 

Resolving the operator mixing problem needs a hard job in general, but as far as the planar 
limit is concerned, we have had a big progress since the discovery of an integrable structure 
underlying the theory [BE]. In the planar theory only single-trace operators come in the game, 
which are mapped to spin states. Considering only single-traces is justified by restricting our 
attention to operators whose classical dimension is much smaller than the size of the gauge group 
N . On the other hand, we need a new perspective if our focus is on large operators with a classical 
dimension comparable to N or more, where huge combinatoric factors arising from summing up 
non-planar diagrams spoil the planar approximation. Consider a single trace operator tr{X'^). 
It is given a good interpretation as a dual string object if J <C Y. In contrast, an issue arises 
if we consider a single-trace operator with J ~ 0{N). For example tr{X^~^^) can be expressed 
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as a linear combination of smaller operators. This implies that it should not correspond to an 
independent vertex operator in string theory. The equation to express tr{X'^~^^) in terms of 
smaller operators can be obtained from the character of SU{N) as xr{^) = 0, where R = [l^"*"^] 
is the anti-symmetric representation with + 1 boxes. This fact may encourage us to make use 
of Young diagrams for such large operators, and in fact Young diagrams can be used to count the 
number of large operators [8]. The constraint that Young diagrams should have no more than 
N rows plays a role [9]. In the non-planar regime the operator corresponding to an independent 
vertex operator of string theory is a linear combination of multi-trace operators. Such large 
operators are considered to be dual to giant gravitons or geometries [TO l [TT ] [T2]. 

The finite N issue for multi-matrix can also be understood in terms of Young diagrams. Some 
complete sets of local gauge invariant operators were constructed which are built from some kinds 
of fields [m [Ml [m [m llTj. They are labelled by a set of Young diagrams, and their notable 
property is that the operators have diagonal two-point functions at free theory, which are exact 
with respect to A^. Such diagonal bases can be a good starting point to study the operator mixing 
problem for large operators. There have been some studies along this line to find that the operator 
mixing is neatly handled in terms of Young diagrams [T8lfT9l[2ni[ni[22l[23l[Ml[25l[2m[271[28l[2m 
[301 [311 [32] . See [21 [33l [Ml [35] for former approaches to non-planar corrections. 

In this paper, we study the action of the dilatation operator on the Brauer basis introduced 
in [13]. The basis has some labels, and one of the labels is an irreducible representation of the 
walled Brauer algebra Bj\f{m,n) (361 [371 [38] , which is given by a bi-partition, 

7 = (7+,7-)- (2) 

Here! 

7+h(m-A:), 7_h(n-A:), (3) 

where k is an integer obeying < k < min{m,n). We also denote it by 7 = (7+,7_,A;) to 
emphasise what k it has because we will pay attention to a role of the integer k^ We will show 
how the two operators get mixed under the action of the dilatation operator. Particularly we will 
indicate the mixing condition for k. The mixing matrix we will obtain is expressed in terms of 
representation date and is very constrained. In other words, the mixing is very restricted on the 
representations. It would be a universal property for the diagonal bases labelled by a set of Young 
diagrams. 

The paper is organised as follows. In section [H we will study the one-loop dilatation operator 
on the Brauer basis. We follow the idea in |25j used to evaluate the dilatation operator on the 
restricted Schur basis. In section [3l we will write down the mixing condition in terms of the 
Brauer representations. In section [H [S] we provide with the same study for two-loop. In section 
m the action of more general differential operators are studied. Section [7| is given for summary 
and discussions. Appendix [A] is for basic things of Brauer bases. 

^ /? h m is a shorthand notation to express that the Young diagram R contains m boxes. 

^ On a personal note the reason we focus on k is as follows. For a class of 1/4 BPS operators constructed in [22) . 
a dual meaning of the integer k was conjectured in the context of the correspondence with the 1/4 BPS geometries 
in [35]. In our previous paper 23 we have studied correlation functions of Brauer operators and observed that 
correlation functions may be classified in terms of the integer k. 
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2 One-loop dilatation operator on Brauer basis 

The operator is 



OlM Y) = tr^,n{Q\,,X^"' ® Y^^-). (4) 



See appendix El for a detailed explanation. 

The one-loop dilatation operator is given by H2 = —tr{[X,Y][dx,dY]) [2], which acts on the 
Brauer basis as 



H201.. = -mntrm,n {[QXi,, C^„,]X®— ^ [X, Y] y^®"-i 1^ 

^ E T^lkl {[Qhp Cmn]) trm,n {QIuX''"'"' ® [X, Y] ® Y^^^~' l) , (5) 



-mn 

rM 



where r is an irreducible representation of the group algebra of Sm~i x S*! x Sn~i Si. To obtain 
the second line we have used the inverse formula ()A.12p . The contraction is denoted by Cmm 
which acts on the m-th slot of X®^ and the n-th slot of y^"^". 

We now recall the result of [22], where it was shown that the following operator 

0^(X, Y) = trmAP^X®"" y^^"), (6) 

where P'^ = ^ jj is the projection operator associated with an irreducible representation 7, 
is in the kernel of the dilatation operator. The result is very manifest in the form of ([5]) because 
of [P^C„,„] = 0. 

Following the strategy in j25j , we will expand ([5]) in terms of the basis . The readers who 
are not interested in the derivation can jump over to (I17p . Expressing the elements in Bi\f{m,n) 
in terms of Bj\f{m, n — 1) as in (IB.ip . we hav^ 



trmAQlkl^^ ® Y] ® Y' ^"-1 1) 
= E xlikib*)trmAbX^'"~'®[X,Y]0Y^®''-'®l) 

= E xlikmtrm,n-i{cX®'^-^®[X,Y]®Y^®^~\ (8) 

where 

n— 1 m 

O: := Nc* + Y.{{ln)cr + Y^icCnT- (9) 

i=l fc=l 

* We have the foUowing equations for c G BN(m,n — 1); 

tr^.^cX®™"' ® [X, Y\ ® 1) = iVtr„,„_i(cX®"-i ® [X, Y] ® y^®"-i), 

n)cX®™-^ ® [X, y] ® y^®"-i ® 1) = tr™,„_i(cX®'"-i ® [X, F] ® y™"-i), 
tr„,n(cCfe„X®"-^ ® [X, Y] ® 1)= tr™,„_i(cX®'"-^ ® [X, F] ® y™"-i), (7) 

where i = 1, - ■ ■ , n — 1 and k = 1, - ■ ■ , m. 
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The first equality in ([8]) comes from tlie definition of Qjj^i (see (|A.6p ). Note that c* is not an 
element in B]y{m, n — 1) but an element in B]y{m, n). Thanks to the formula we find in appendix 
[B1 dS]) can be rewritten as 

E x;,,fc(c*)tr^,„-i(cX®— 1 ® [X, Y] ^ y^®"-i). (10) 

cdB {m,n—l) 

Here c* is an element in B]\f(m,n — 1). Using the following formula 

tr„,„_i(cX^™-i C^y^^"-^) = trmA[Cmn,c]X^"'0Y^^^) (11) 

for c € Bi\f{m,n — 1) and the inverse formula (jA.Op . we can expand the action of the one-loop 
dilatation operator in terms of the basis as 



where the mixing matrix is 



r,kl cGBj^{m.,n—l) 



Making use of the formula (|XT3ll E, the two characters can be combined to gi 



ive 



^ittif = -^^t' E XH[Ql,,,Cn.nV)^x'i',,,i[Cmn,c]). (14) 

cG-Bjv{"i,«— 1) 



The sum of c can be performed using the orthogonality relatiorH 



as 



cGBff{m,n—l) 

E r^([Ql,,.^-n])fear^(c*)afcrT'([Qi^^p,C^„])rfer^'(c)ed 
cS-Bjv(m,n— 1) 

= E {^'i[Qhj^Cmn])I,w,T'r' C^j) /^,^^) . (16) 

Here we have considered the restriction to the subalgebra Bj\[{m,n — 1). 71 is one of the irreducible 
representations that appear in 7 upon restricting BN{m, n) to i?Ar(m, n — 1), and 7^ likewise, /^^-yj 
is an intertwiner that maps from 71 to 7J, and it is non-zero if 71 and 7^ are the same shape. See 
appendix B in [25] or appendix D in [27] for more details on the intertwiners. 
Then the final form of our mixing matrix is 



J. j{-y' ,A' ,pq) 



I 4 ■ ■^ — — iiLii— — 

(7,A,»j) 

71 .7i 



E C^™n]^7i7i \Q'a',,,^ C^™]^7;7i) ' (1^) 



^ Note that [Q^ Cmn] commutes with any elements m Sm-i x Si x Sn-i x Si. 
® The orthogonaUty relation of the algebra is given by 

Er*"^'W<^/3r<"^'(c')7^- = ^s^sS^,s"'^^K (15) 
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We have obtained a very similar form to the case of restricted Schur basis. The A^-dependence is 
exact. 

We find that the BPS operators ^ do not appear even in the image of the dilatation operator: 

P A" 

~ xH---[P^'",C„,n]---) = 0, (18) 

where we have used the two-point function (jA.Sp . Therefore they are completely separated from 
the others. 

The first line of ^ may be written as 

-mntr^^niCmnQXijX^"'-^ ®YX® ^ 1). (19) 

This leads to another form of the mixing matrix: 

71.71 

~^^'dX, ^ In^^'^ (^m'^QAii-^7i7i^™"^A',gp-^7Wi 

71 .71 

+<5i'(5fmn^xl,,(C™n) + <5f ^>n^xlp.(C^n). (20) 

3 One-loop mixing 

The one-loop mixing matrix we have obtained can be shown to be in fact almost diagonal. The 
necessary condition to have a non-zero mixing is that 71 and ^'^ are the same bi-partition. In this 
section we will translate this condition into a condition between 7 and 7'. 

The restriction of B{m, n) to B{m, n — 1) was studied in [ID]. An irreducible representation 71 
in B(m, n — 1) can appear in an irreducible representation 7 in B{m, n) if the following quantity 
is non-zero [37] 

M^^^, = Y,9{S,i+;ii+)9{S,C;m)9{C,ii~;i-), (21) 

where g{a,(3;'y) is the Littlewood-Richardson coefficient. We now introduce a new notation 

R = (22) 

to denote that i? is a Young diagram obtained from S by adding a box. We also denote it by 
S = For instance i?^-^) = means that R and R' are related each other by moving a 

single box. In terms of this new notation, there are two cases for M-y_^^^ to be non-zero: 

7+ =71+, 7-=7!-'\ (23) 
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which is the case {6, () = (0, [1]), and 



7i''^=7i+, 7- =71-, (24) 

which is the case {6, C) = ([1], 0). Introducing A = k — ki, the first case is A = while the second 
is A = 1. 

We find that to get a non-zero mixing element we need one of the following conditions between 
7 and 7': 



(A,A') = (0,0) 



(A, A') = (1,1) 



(A, A') = (0,1) 



(A,A') = (1,0) 



7+ =7+, 7i"'^=7-^~'^ [k = k'], (25) 



lk = k'], (26) 



7+ = 7;(+'\ 7i"'^=7- [k = k'-l], (27) 



7r^=7;, 7- = 7-^-'^ [k = k' + l]. (28) 



The one-loop dilatation operator induces an interaction between two sets of Young diagrams 
that are related by moving a box. In this sense, we say that only "nearest-neighbour" Young 
diagrams interact each other at one-loop. This seems to be an interesting extension of the planar 
case, where the one-loop dilatation operator was a nearest-neighbour interaction on spin states. 
This kind of nearest-neighbour interactions on Young diagrams have been already seen on the 
other bases [20l[25]. We suspect that in our case the integer A: is a convenient index to measure 
the distance between the two operators. (We will think of this more in the last section.) 



4 Two-loop dilatation operator on Brauer basis 

In this section, we will evaluate the action of the two-loop dilatation operator on the Brauer basis. 
The two-loop dilatation operator on the restricted Schur basis was evaluated in [30] . 
The two-loop dilatation operator was given in [2] as 

H4 = -tr{:[[Y,X],dx][[dY,dx],X]:)-tr{:[[Y,X],dY][[dY,dx],Y]:) 

-tr{: [[Y,X],Ta][[dY,dx],Ta] :). (29) 

The last term is identical to the one-loop dilatation operator. Because the second term is obtained 
by exchanging X and Y in the first term, we will study only the first term. 
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After some straightforward calculation, which we will show in appendix O we obtain 

—±-—tri: [[Y,X],dx][[dY,dx],X] :)0X,, 
m[m — i)n ' ■' 

-trm,n {[{m - l,m)Cmn, Ql,,,]^^™"' ^ [Y, X] ^ y^®"-i l) 
-tr^,n {[Cmnim - I, m) , Ql^^]X^^-' [Y, X] (^Y^'^^-' l) 
+tr^,n ([(m - l,m)Cmn, QXij]X'^'^-^ [Y, X]X ® 1 ® ® l) . (30) 

The second and the third term above are similar to the one- loop result. We further rewrite the 
first term and the forth term, which we need the reduction formula twice. 

Note that in the form it is pretty manifest that the operators ([6]) are BPS at two-loop. It is 
interesting to observe that - always appears in the form [Q^ -j , b] with an element b in the 
algebra. 

We now concretely show how the first term in (j30p can be further rewritten. Using the inverse 
formula it can be expanded in terms of 

trm,n ® X[Y, X] 1 yT0n-l ^ ^ ^3^) 

where s is an irreducible representation of the group algebra of Sm-2 x Si x Si x Sn-i x Si. After 
using the formula given in appendix [B] twice, the above operator can be rewritten as 

Yl Xllkib*)tr^,n 0X[Y,X]®10 yT®n-l ^ 

bGBff{m.,n) 

= E xli,{c')tnnr-i,n-i{cX^'^-^0X[Y,X](g>Y^^^-'). (32) 

c£-Bjv(m— l,n— 1) 

Here the dual element c* is defined in Bx{m — l,n — 1). We can use the following equations for 
c G B]\f{m — 1, n — 1): 

ir™„i,„_i(cX®™-2^XyX€Dy^^"-^) = ir„,„((m-l,m)C7„„cX®'"0y^®"), 

ir^_i,,_i(cX®^'"-2^yXXCg)y^^"-^) = tr„,„(c(m-l,m)C^„X^™0y^®"). (33) 

Note that if we use [c, Cmn] = for c € BN{m - 1, n - 1) and (m - 1, m)X^™ = X®""(m - 1, m), 
there are several equivalent expressions like 

trm,nii^ - 1, m)C„„cX®™ y^®") = tr„„„(cC™n(m - 1, m)X®™ ® y^®"). (34) 
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Then the first term in (1301) is 



tr^,n ([Cmnim - l,m), Ql^^]X^"'-^ 1 X[Y,X] (E)Y^^'^-^ ® 1 



s,kl 

Yl J^lki ([Cm,n(m - 1, m),Ql ..] 



s,kl 

x^'' E Xldcntrm-i,n-i {cX[Y, X] ^ X®— 2 



cgB{m-l,n-l) 



E J^lkl {[Cmnim - 1, m), .^.] 



X 



cgB{m-l,n-l) 



= E}xlM([C^™n(--l,-),Ql.,])i^ E Xllki^") 

s,kl ^ ceB{m~l,n~l) 

X E ^xl',p,([c,C^n(m-l,m)])tr^,„,(Q^',p^®X®"»y^®"). (35) 
Making use of (IA.13P and performing the sum of c € B^im — 1, n — 1), we have 

y,^{^',A'm) 
{'y,A,ij) 



(m - l)n ^ ^^^^ ([Cm,n(m - 1, m), Q^ .j.]/^^^/ [Crnn(m - '^^^):Q\' ^qpV-y'^-y^ , (37) 
72,72 



where 72 and 72 are irreducible representations of B^im — l,n — 1). Likewise the forth term in 
gives 

m(m - l)n ^ ^^^^ ([("^ " 1> "i)Cm,n, Ql,ij]^727^ [("i - l,m)Cm„,Q;^, . (38) 

72,72 

From these expressions we find that the BPS operators ([6]) do not appear in the image under the 
two-loop dilatation operator. 

5 Two-loop mixing 

The necessary condition for the two-loop mixing matrix to be non-zero is that 72 and 72 are the 
same shape. The mixing structure is determined by the restriction Bj\iim,n) — )> B^im — l,n — 
1) X Bj^il, 1). The number of times 72 appears in an irreducible representation 7 is counted by 



72,73 



E E5'('^'^!^2+)5('^,C;73-) E5'(^'^;72-)5(e,«;73+) 

p,C,f,K \ S / \ e J 

xgip,K;-f+)giC,e-j_), (39) 
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where we have denoted an irreducible representation of -BAr(l, 1) by 73. There are two irreducible 
representations in B]\f{l, 1); 73 = ([1], [l],k3 = 0) or 73 = (0,0, A;3 = 1). For the former case, we 
have 



while for the latter case we have 



72,73(K3 = 1) 



( J^9(5,P;72+)5(<5,C;0)) ( J^5(e,^;72-)5(e,^;0) J 5(/>,'^;7+)5(C,^;7-) 

= 9(72+,0;7+)5(0,72-;7-)- 

In these cases the M^^^j.^ takes or 1. 

We find that there are five cases the takes the non-zero value. Introducing A = 

k — k2 — k^, we list the five cases below: 

• 72+ = 7l"'\ 72- = 7i"'^ [^3 = 0, A: = A;2, A = 0], 

• 72+ = 7+, 72- =7- [/c3 = 1, /e = /c2 + 1, A = 0], 

. 72+ = 7+, = 7^"'^ [A:3 = 0, A; = A:2 + 1, A = 1], 

• 72;'^ = 7l"'\ 72- =7- [A:3 = 0, A; = A:2 + 1, A = 1], 

• 72+ = 7l^'\ 72- = 7^^'^ [k3 = 0,k = k2 + 2,A = 2]. 

They correspond to (5, C, e, a^) = (0, [1], 0, [1]), (0, 0, 0, 0), (0, [1], [1], 0), ([1], 0, 0, [1]), ([1], 0, [1], 0) re- 
spectively. 

Because there are five cases for the restriction from 7' to 72 as well, we have twenty-five cases 
7 and 7' interact each other in which k and k' are related by k' = k,k ziz l,k ± 2. We will show 
some of them: 

. (A,A') = (0,0), (A;3,A;^) = (0,0) 

. (A,A') = (0,2), (A;3,A;^) = (1,0) 

7+ = 7;^+'\ 7- =7-^+'^ [A; = A;'-1], (41) 
. (A,A') = (2,0), (A:3,A;^) = (0,0) 

7r^=7;(-^\ 7(+^)=7:M) [k = k' + 2], (42) 

. (A,A') = (0,0), (A:3,A;^) = (1,1) 

7+ = 7;, 7- = 7- [k = kl (43) 

. (A,A') = (1,1), (A:3,fc^) = (0,0) 

7+=7;, 7i-'^=7^-(-') [k = kl 
7i"'^=7V-'\ 7- = 7^ [k = k'], 

7r^=7;(-^\ 7i~'^=7^^-') [k = k'], (44) 
where the last one appears twice. 
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6 More general differential operators 



In this section we will study the action of more general differential operators on the basis with 
focusing on the role of k. Let me first consider the differential operator tr{WdxdxdYdY) as an 
example, assuming that W is made from two copies of X and two copies of Y. The action on the 
basis can be evaluated as 

tr{WdxdxdYdY)Ol.^{X,Y) 
= m{m - l)n(n - l)tr„,„ (q^ .^.C2,i(12)(l2)W ® 1 ® X®'"-^ 10 1® yr®"-2 



i{m - l)n(n - 1) ^ xl^i Ql.,C^2,i(12)(12) 



r,kl 

Xtrm,n [Qlkl^^ ^ 1 ^ ® 1 ® 1 ® yT®n-2^ ^ (45) 

where r is an irreducible representation of the group algebra of Sm-2 x 5*1 x 5"! x Sn-2 x Si x Si. 

The next step is to use the reduction rule three times, followed by to take the sum of c G 
Bj\[{m — l,n — 2) appearing in Qjj^i- At the end of this day, we will have x^i' " -^7272 ' ' ' -^7272)' 
where 72 and 72 are irreducible representations of B]\f(m — l,n — 2). This leads to considering 
the restriction Bi\[{m, n) — )■ Bi\i{m — 1, n — 2) x i?Ar(l, 2), which determines the mixing structure. 
Denoting an irreducible representation of B^{1, 2) by 73, the necessary condition for the non-zero 
mixing is that the M^^ns^ which is given by the same form as ()39p . is non-zero. Denoting the 
number of boxes in a partition a by n{a), we find that n(5) and take 0,1,2, and n(e) and 
n(«;) take 0, 1. From the consistency, we have the relation 

n(7+) = n{K) + n(72+) - n{S), (46) 

which implies 

A; -A;2 = 0,1,2,3. (47) 

Therefore the necessary condition for non-zero mixing between two representations 7 and 7' is 
k' = k, k ± 1, k ± 2, k ± 3. Schematically writing, we have 

fc+3 

ir(VF9x5x5y9y)O^W ~ ^ afc/0^'('='). (48) 

k'=k-3 

If we consider the action of a more general differential operator with p dx^s and q dy^s, we 
have to consult the restriction B]\;{m,n) — )■ B]\f{m — p + l,n — q) x Bn{p — I,?)- By a similar 
argument to the above case, we find that 

A;-fe2 = 0,1,2,--- + 1, (49) 

which implies 

k' = k,k±l,--- ,k±{p + q-l). (50) 
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7 Summary and discussions 



In this paper we have expressed the fohowing mixing matrix in terms of Brauer representation 
data with keeping the A^-dependence exact, 



We have found that the mixing on the representations is highly restrictive. Such restricted mixing 
would be a universal property of the bases for which the free two-point function is diagonal. 

In particular we have focused on the integer k that determines the number of boxes in the 
irreducible representation 7 of the Brauer algebra. To get a non-zero mixing result, we need 
k — k' = 0, ±1 at one-loop and k — k' = 0, ibl,ib2 at two-loop. This mixing is reminiscent of 
[23]. It would be interesting to consider if the integer can be viewed as forming a lattice. We also 
have the mixing for the Young diagrams (7+, 7_). It might be convenient to imagine a three- 
dimensional lattice spanned by 7+, 7_ and k. In order to gain more understanding of a role of 
the integer k, it would also be nice to study the dilatation operator on the Brauer bases beyond 
su(2) sector [iOllil]. 

We have explicitly confirmed that the construction of some 1/4 BPS operators in [22] is valid 
at two-loop. We also saw that they do not appear in the image of the dilatation operator. 

The next direction we should proceed to is to diagonalise the mixing matrix. Recently there 
have been an interesting progress in diagonalising the mixing matrix on the restricted Schur 
operators [251 [261 [271 [301 [32] . They have shown that the action of the dilatation operator reduces 
to systems of harmonic oscillators when the corners of the Young diagram are well-separated 
(displaced corner approximation). The idea underlying the approximation is to exploit a good 
set of conserved charges preserved by the dilatation operator. In the series of works, the charges 
encode open string configurations on giant gravitons [281 I29j . (Another approach can be seen 
in [M].) Finding good conserved charges is a nice pathway towards diagonalising the mixing 
matrix. Because such conserved charges correspond to parameters of the dual physics, it would be 
helpful to conduct an analysis in the string/gravity side. In [39] we have studied a correspondence 
between 1/4 BPS operators and 1/4 BPS geometries, where it was shown that the geometries 
are characterised by an integer that has the same upper bound as the integer k (: recall k < 
min{m,n)). This fact might be a clue to solve the operator mixing dual to geometries. 

Acknowledgements: I would like to thank Robert de Mello Koch and Sanjaye Ramgoolam 
for helpful discussions. I also would like to thank Durham university. Discussions during the 
workshop "Symmetry and Geometry of Branes in String/M Theory" were useful. 



A Basic facts 

In this appendix, we summarise basic things of Brauer operators, which were proposed in [13] and 
further studied in [T71 [22l [jQl [l3] . The operator we consider can be expressed by 



where 7 = (7_|_,7_) is an irreducible representation of the walled Brauer algebra i?jv(m,n), and 
a pair of Young diagrams A = (a, /?) is an irreducible representation of Sm x 5„. The group 



(51) 




(A.l) 
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algebra of Sm x £*„ is a subalgebra of B]\r{m,n), and a representation 7 in general contains some 
representations of the group algebra of Sm x Sn- When a particular representation of the group 
algebra of Sm x Sn appears more than once in the restriction, the labels i,j specify which copy of 
the representation we consider. The multiplicity of the representation ^ in a representation 7 is 
given by 

Ml = Y,9{S,l+;a)g{5,j.;f3), (A.2) 

where (7(15,7+; a) is the Littlewood-Richardson coefficient. The labels on the operator are sum- 
marised as 

7 = (7+, 7-), l+^{m-k), 7_h(n-fc) 
A = {a,l3), ahm, (3 \- n 

iJ = l,---,Ml, (A.3) 

where k is an integer in the range < A; < min{m,n). The representations should satisfy 

ci(7+) + ci(7_) < N, ci(a) < N, ci(/3) < N, (A.4) 

where ci{R) denotes the length of the first column of the Young diagram R. 
The two-point function is diagonal under the free field computation 

(^I',j'j'^^A,ij^ ^ m!n!(5^yJ^^/(5ii/5jj'(iAi'^, (A. 5) 

where the space-time dependence is omitted, is the dimension of 7 considered as a representation 
of U{N), and cIa is the dimension of A as a representation of Sm x Sn- 

The operator is constructed by acting with -j on the tensor product X®"*®!^'^®"' and taking 
a trace on the tensor product space. The trace is written by tvmn- The Q\ •• can be expressed 
as a linear combination of elements in the Brauer algebra, which can be written explicitly as 

b6-Bjv(m,n) 

The coefficient of the linear combination is the restricted character of the Brauer algebra: jj(^) ~ 
X^{Q\ ijb)- Another ingredient appearing in -j is b* , which we call the dual element, is a spe- 
cific linear combination of elements in the algebra. In [TSj the following formula was given for the 
dual element: 

m) = j;^.^;nUm)r\ (a.7) 

using a map S : Bn{ Tn,n^ — y Sm+m and i^m+n is the Omega factor (see [13j for the definition). 
The index i runs over a complete set of the elements in the algebra. 
One important property of -j is 

'^Qhj'^'' = Qhj^ creSmX Sn. (A.8) 

The projection operators of the Brauer algebra associated with an irreducible representation 
7 are given by P'^ = X^Ai^ln- Note that they are in the centre of the algebra. If we replace 
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X and Y with a unitary matrix U and the conjugate U\ 0^{U,W) = trm,n [P^U®"' ® u*®n^ 
is the character of U{N). So roughly speaking, our operators are obtained by decomposing the 
characters into some pieces. 
We have the inverse formula 

Noticing that any multi-trace operator can be written in the form of the left-hand side with a 
certain element b of the algebra, this formula enables us to express any multi-trace operator in 
terms of the basis. 

For an element bo satisfying abo = b^a for any a G 5m x 5„, we have (see appendix B in [T7] ) 

boQ\,, = j-Jlx\M^bo)Ql,^. (A.IO) 

k 

This is consistent with the inverse formula. Making use of this formula, we can derive the following 

= Y.x'{boQl,b) 

A,l 

= x\hob). (A.ll) 



The above things are for the su(2) sector, but it is also possible to accommodate more than 
two fields [ID]. For example, the basis for m — s X^s, s VFi's, n — t Y^s and t W2's is given by the 
same way just by replacing A with r that is an irreducible representation of Sm-s x SgX Sn-t x St- 
The inverse formula for this case is 



We also have 



T.^.XrM(^o)xl^kib)=x'{bob), (A.13) 

r,kl 

where bo is an element that commutes with any elements in Sm-s x 5^ x Sn-t x St- 



B A reduction formula 

In this appendix, we will give a formula associated with the restriction from Bi\f{m, n) to Bi\f{m, n— 
1). We will embed the subalgebra into Bi\f{m,n) by removing the last slot of the (m -|- n) slots. 
Under the embedding the elements of Bf^{m, n) can be expressed in terms of the elements of the 
subalgebra Bpf{m,n — 1) as 

t>i = {Ca, {jn)Ca, CaCk,n}, (B.l) 
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where the index i runs over a basis of B]y{m, n), i = 1, ■ ■ ■ , (m + n)!, and j = 1, • • • ,n — 1 and 
k = 1, - ■ ■ ,m. We have denoted the elements of B{m, n — 1) by Ca, where a = 1, • • • , (m + n — 1)!. 

We denote the dual element in B]\f{m,n) by b* and the dual element in Bi^{m,n — 1) by c*, 
which are defined by 

and 

= J^^^^^n-li^iCa))-'. (B.3) 

Note that S is a map from BN{m,n) to Sm+n- 
Using ()B.2p for bi = Ca, we get 



1 



n-\^nm+n-l^ic:). (B.4) 



'm+n— 1 



In the last step we have used ()B.3p . Note that f^m+n-i is the Omega factor defined in S*. 
embedded in Sm+n by removing the (m + n)-th slot. 
Similarly, for bi = {jn)ca, we have 

S(((jn)c,)*) = ^^0-i^„(S((in)c,))-^ 

= -J^^m+niP^) (S(Ca))-' 

= ^(jn)J7-V„J^^+n-iS(c:), (B.5) 

and for bi = CaCkn we have 

]\fm+n rn+n\ /\ \ ajJ 

= ^(^?^)^mVn^m+n-lS(c*). (B.6) 

Note that we have used the following properties that come from the definition of E, 

n{jri)ca) = S(cJ(jn). (B.7) 



Now combining jEl, mM and dES), for O*^ := Ncl + ^"=1 ((j^)c,)* + ^Li (caC^n)' 



we 
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have an interesting equation: 

s(o:j = [i + l^(m) ) o„va+„-i(s(c:)) 

= ncl): (B.9) 

which also means 

= c*. (B.IO) 

Note that c* is not an element in Bj\f{m,n — 1), but c* is an element in Bj\f{m,n — 1). 

For the reduction B{2,1) — ?> 5(1, 1), we can confirm the following equation by computing the 
dual element explicitly: 

ATI* + (12)* + C*,, = - = ^^-^^^ 

where 1* is defined in i?(l, 1). We can also find explicitly that the formula is valid in the reduction 
B{2, 1) ^ S2 : 

where 1* is defined in 82- 

C Derivation of ([30]) 

In this appendix we present explicit calculation to derive (|30p. The first term in ()29p is 

tr(: [[y,X],9x][[5y,5x],X] :) 
= tr(: [y,X]5x[5y,9x]X :) - tr(: [Y,X]dxX[dY,dx] :) 

-tr(:9x[l^,^][5y,ax]X:) + tr(:9x[y,X]X[ay,9x] :)• (C.l) 

In what follows we will not write the normal ordering symbol explicitly. Using {dxYjXf = 5\5^, 

tr{AdxdYdx)0\,.{X,Y) 
= {A)t{dx)'AdYUdx)i{Ql,,yikx'AY^)^ 

= m{m - i)n(A)?(QX,^)fg;;;f[^:::x;-;(y^)^:: 

= m{m - l)ntr^,n(Ql,i,(12)Ci,il A(g) X®™-^ ® 1 ® y^^^-^i) 

= m(m-lHr^,„(Ci,i(12)Q^.,l® A»X®™-2®l®y^®"-i), (C.2) 



^ Note the foUowine 



(1 + -i: ^(jj^) j fim + n-l = f^m + n- (B.I 
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where A = X\Y,X]. Likewise, we have 

tr{AdxdxdY)Ol,.{X,Y) 

= m{m-l)ntrrn,n{QA,ijCiAl2)l^A®X^"'-^(^l0Y^^^~^). (C.3) 
Then one finds that the first fine in (jC.ip can be expressed by 

m(m - l)ntr^,ni[Ci,iil2),Ql..]l ® X[Y, X] X^"""^ ® 1 ® y^®"-i). (C.4) 
We next calculate 

tr{BdxXdYdx)Ol,^iX,Y) 



' A,ij -I acis---dk2--- j'-j---^ 'h 

where B = [Y, X] , and 



m(m - l)ntrra,nm)Ci,iQl ,.B X^^-^ ® 1 ® y^«5n-i)^ ^^.5) 



tr{BdxXdxdY)0\.^{X,Y) 

= m(m - l)ntr^,„(Q^ .^.(12)Ci,i5 ® X®"'-^ ® 1 ® y^«5n-i)_ ^(^ g^ 

From these two, one finds that the second term in ()C.ip can be expressed by 

- m{m - l)ntrm,n{m)Ci,i^Q\ .p ® X^™"! ® 1 ® y^®""!). (C.7) 
Similarly, we have 

tr{BdYdxXdx)0\.j{X,Y) 

= m{m - i)n(i?)^(x)f(QX,^)x::£::. 

= m{m-l)ntr^,n{Ci,i{l2)Q\^.B®X®^-^®l®Y^^^-^), (C.8) 

and 

tr{BdxdYXdx)Ol.^{X,Y) 

= m{m - i)n(i?)^(x)f(QX,^):g:£:.xj-:(y^)|^:: 

= m(m - l)ntr^,„(Q^ .^.Ci,i(12)5 X^^-^ ® 1 ® y^®""!). (C.9) 
One then finds that the third term in (jC.ip can be expressed by 

- m(m - l)ntr^,„([Ci,i(12), Q^^, .]S ® X^""-' ® 1 ® y^«"-i). (C.IO) 
Finally we have 

tr{AdYdxdx)Ol..{X,Y) 
= m{m - l)n(A)?(QX,^)f;:^;:.jq3;;;(yT)^--- 



m(m - l)ntr^,„((12)Ci,ig^ „.l ® A® X^™-^ 1 ® y3^®--i), (C.U) 
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where A = [Y,X]X, and 

tr{Adxdydx)Ol^^{X,Y) 
= m(m-l)nir„,„(Q^^,^.(12)Ciil®A0X®'"-2®l®y^®"-i) (C.12) 

to give the following expression for the last term in (jC.ip : 

m(m - l)ntr^,„([(12)C7i,i, ^ ® X®"^-^ ® 1 y^^-i). (C.13) 
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